AN APPLICATION OF EXCEPTIONAL BUNDLES TO THE MODULI OF 
STABLE SHEAVES ON A K3 SURFACE 

KOTA YOSHIOKA 
DEPARTMENT OF MATHEMATICS 
FACULTY OF SCIENCE, KOBE UNIVERSITY 



On 



0. Introduction 

"S ■ 

Q\ Let X be a smooth projective surface defined over C and L an ample divisor on X. For a coherent 
sheaf E on X, let v{E) := ch{E)^Td{X) e H*{X,Q) be the Mukai vector of E, where Td(X) is 
the Todd class of X. We denote the moduli of stable sheaves of Mukai vector v by Ml{v), where the 
^ stability is in the sense of Simpson [S]. 

^ For a regular surface X, exceptional vector bundles which were introduced by Drezet and Le- 
OO Potier [D-L] are very useful tool for analysing Ml{v). For example, if X = P^, then Maruyama 
^ [Mai] showed the rationality of some moduli spaces and Ellingsrud and Str0mme [E-S] computed 
CN ', relations of a generator of H*{Ml{v),'L). Drezet also obtained many interesting results [Dl], [D2]. 
; If X is a K3 surface, Gottsche and Huybrechts [G-H] computed Hodge numbers of rank 2 moduli 
' spaces. Moreover Huybrechts [HI] showed that Ml{v) is deformation equivalent to a rank 1 moduli 
O . space ( Hilbert scheme of points). Motivated by their results, we shall treat other rank cases. In 
particular, we shall prove the following asymptotic result. 



o 

ON 



Theorem 0.1. Let v = r + + au, ^ G iJ^(X, Z) be a primitive Mukai vector of r > and 
^ ' (f^)/2 > r^. Then Ml{v) is deformation equivalent to Hilb^ ^^^^ 

is an isometry which preserves hodge structures, where L is a general ample divisor. 

The second assertion is known by Mukai [Mu3] and O'Grady [O] if r < 2 or ,^ is primitive. For the 
proof of the second assertion, Mukai lattice and Mukai's reflection defined by an exceptional bundle 



> 



give a clear picture. 

^ [ During preparation of this paper, the author noticed that Huybrechts [H2] proved birational ir- 
d • reducible symplectic manifolds are deformation equivalent. Then primitive first Chern class cases 
(Theorem |378|) follow from O'Grady's description of Ml{v) (see [H2, Cor. 4.8] and [O]). Since our 
method is most successful for these cases and is needed to treat other cases (Theorem [4.5|) , we shall 
first treat these cases. 



1. Preliminaries 

1.1. Notation. Let M be a complex manifold. For a cohomology class x G i/*(M, Z), [x]i G 
if^*(X, Z) denotes the 2i-th component of x. 

Let p : X ^ Spec(C) be a K3 surface over C We shall recall the Mukai lattice [Mu2]. For 
x,y E i/*(X, Z), Mukai defined a symmetric bilinear form 

{x,y) := -p^x^y), 

where V : H* (X, Z) H* (X, Z) be the homomorphism sending x e H* (X, Z) — > x — 2[x]i G 
H*{X,Z). For a coherent sheaf E on X, let v{E) := ch(E)(l + G H*{X,Z) be the Mukai 
vector of E, where u is the fundamental class of X. Then the Riemann-Roch theorem implies that 
x{E,E) = —{v{E),v{F)) for coherent sheaves E, F on X. Let X be a line bundle on X. Since 
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{xch{N),ych{N)) = {x,y), the homomorphism Tn : H*{X,Z) H*{X,Z) sending x to xch{N) is 
an isometry. 

Let L be an ample divisor on X. For v G if*(X, Z), let Ml(i;) be the moduli of stable sheaves of 
Mukai vector v, where the stability is in the sense of Simpson [S]. By Mukai [Mul], Ml{v) is smooth 
of dimension {v"^) + 2. We denote the projection S x X ^ S hy ps- We set 

:= {x e H*{X,Z)\{v,x) = 0}. 
Then Mukai constructed a natural homomorphism 

e,:v^ ^ H^MLiv),!.)} 
by ^ 

e^{x) := -[pMi(^)*(ch(£:)(l + cj)x^)]i, 
P 

where H'^{Ml{v).'L) f is the torsion free quotient of H'^{Ml{v),'L) and 8 a quasi-universal family of 
similitude p. We note that an isometry T/v, G Pic(X) satisfies that 

^T.(,)(r^(x)) = ^,(x). (1.1) 

2. Fundamental lemma 
We shall prove the following lemma whose proof is quite similar to [Y, Lem. 1.8]. 

Lemma 2.1. Let X he a smooth projective surface o/ NS(X) = Zif. For a coherent sheaf F of 

Ci{F) = dH , we set deg(F) = d. Let r and d be relatively prime positive integers and let r^ and di 
be the integers which satisfy rid — rdi = 1 and < ri < r. We set r2 := r — ri and d2 := d — di. 

(1) Let El be a stable vector bundle of rank ri and deg(£^i) = di and E2 a stable sheaf of rank r2 
and deg(£'2) — ^2- Then every non-trivial extension 

defines a stable sheaf. 

(2) Let El be a stable vector bundle of rank ri anddeg{Ei) — di and E a stable sheaf of rank r and 
deg{E) — d. Let V be a subvector space o/Hom(£'i, E). Then V ® Ei ^ E is injective or surjective 
in codimension 1. Moreover if V ® Ei ^ E is injective, then the cokernel is stable. 

Proof. (1) We first treat the case ri < r. If £^ is not stable, then there is a semi-stable subsheaf G of 
E such that deg(G')/ rkC > d/r. Since G and E2 are semi-stable and (f) : G ^ E ^ E2 is not zero, 
deg(G)/ rkG < d2/r2. We assume that deg{G)/ ikG < d2/r2. Then we see that l/rr2 = d2/r2 — 
d/r > d2/r2 — deg{G)/ rkG > l/r2rkG, which is a contradiction. Hence deg(G)/rkG — c?2A2- 
Since G is semi-stable and E2 is stable, ker^ is semi-stable of deg(ker0)/ rk(ker0) = d2/r2 and is 
surjective in codimension 1. Hence G is isomorphic to E2 in codimension 1. Let e G Fjxt^{E2, Ei) 
be the extension class. By the homomorphism Ext^(i?2, -^i) Ext^(G, Ei), e goes to 0. Since Ei is 
a vector bundle, Ext^{E2/G, Ei) = 0. Hence Ext^(E2,^i) ^ Ext^(G',£;i) is injective. Thus we get 
that e = 0, which is a contradiction. 

If ri = r, then r = ri = 1 and d = d2 = 1- In this case, it is sufficient to prove that E is torsion 
free. Let G be the torsion subsheaf. Since Ei is locally free, G E2 is injective. Since E2 is stable, 
Supp E2/G is of codimension 2. In the same way, we see that the extension class is trivial, which is 
a contradiction. 

(2) We shall prove our claim by induction on dimT^. We assume that dimK = 1. Let ip : Ei ^ E 
be a non-zero homomorphism. We first treat the case ri < r. Since Ei and E are stable, di/ri < 
deg{ip{Ei)) / ikip^Ei) < d/r. In the same way as in the proof of (1), we see that rk(^(£'i) = ri and 
deg{(p{Ei)) = di. Hence we get that Ei = (p{Ei). We set E2 :— cokercp. We assume that there 
is a quotient G of E2 such that G is semi-stable and d2/r2 > deg{G)/ rkG. Since G is a quotient 
of E, we get that d/r < deg(G)/rkG. Hence we get that d/r < deg(G)/rkG < d2/r2. Then 
l/rr2 = d2/r2 — d/r > d2/r2 — deg{G)/ rkG > l/r2rkG, which is a contradiction. Hence the support 
of the torsion submodule of E2 is dimensional and the torsion free quotient is stable. Since Ei is 
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locally free, E2 is torsion free and hence stable. If ri = r ( = 1 ), then ip is injective. We shall show 
that coker(^ is of pure dimension 1. Let T be a subsheaf of dimension and T the pull-back of T 
to E. Then Ei ^ T is an isomorphism in codimension 1. Since E'l^ = T"^^ and Ei is locally free, 
El = T. Hence we get that T = 0. We set C := Suppi?2- Since H is a generator of the Neron-Severi 
group, C is reduced and irreducible. Hence E2 is a torsion free sheaf of rank 1 on C, which shows 
that E2 is a stable sheaf. 

We shall treat general cases. Let ipi,ip2, . . . ,(pn be a basis of V and V the subspace generated 
by (p2, . . ■ ,(Pn- We note that rid2 — r2di = 1. We assume that ri < r2. By induction hypothesis, 
V ^ El ^ coker((/)i) is injective or surjective in codimension 1. If ri > r2 > 0, in the same way, we 
see that (f2'-Ei^ coker(y9i) is surjective. If ri = r2 or r2 = 1, then ri = ^2 = 1. Since every degree 
1 curve is reduced and irreducible, V ^ Ei coker((y9i) is injective or surjective in codimension 1. 
Hence we get our claim. □ 

Corollary 2.2. Under the same assumption of Lemma \2. 1\ (1), the universal extension 

^ El ® Ext^(E2, Ei^ ^ E E2-^0 

defines a stable sheaf. 

3. Moduli of stable sheaves on K3 surfaces 

3.1. Stable sheaves of pure dimension 1. Let H be an ample divisor on X. We set v := H+auj e 

Z). For a pure dimensional sheaf E of v{E) = v and an ample divisor L, x{E Cg> L®") = 
{H, L)n + h. Hence E is semi-stable with respect to L, if 

X{F) ^ xjE) 
(ci(F),L) - {ci{E),L) 

for any proper subsheaf E of E, and E is stable if the inequality is strict. We can generalize the 
concept of the chamber. For a sheaf F of pure dimension 1, We set D := x(F)ci(£') — x{E)ci{F) 
and Wd ■■= {x G Amp{X)\{x,D) = 0}. Then (D^) = x{F)^ici{Ef) - 2x{E)x{F){ci{E),ci{F)) + 
x(£^)^(ci(F)^). If Wd is not empty, then the Hodge index theorem implies that (-D^) < 0. Hence the 
choice of x{F) is finite, which shows that the number of non-empty walls Wd is finite. We shall call 
a chamber a connected component of Amp(X) \ UdWd- If ci{E) is primitive, then Ml{v) is compact 
for a general L. As is well known ([G-H, Prop. 2.2], cf. [Y, Prop. 3.3]), the choice of polarizations 
is not so important. Hence we denote Ml{v) by M{v). 

3.2. Correspondence. Let r and d be relatively prime positive integers and let ri and di be the 
integers which satisfy rid — rdi = 1 and < ri < r. We shall consider a K3 surface X such that 
Pic(X) = ZH, where H is an ample divisor. We assume that there are Mukai vectors Vi, v G H*{X, Z) 
such that 

Vi = ri + diH + aiu, 

v = r + dH + au, (3.1) 

iv!) = -2, 

where ai,a G Z. Since {vf) = —2, there is a unique stable vector bundle Ei of v{Ei) = vi, that is 
M{vi) = {El}. We note that Ei satisfies that 

Hom(Ei,Ei) = C, 

Ext\Ei,Ei) = 0, (3.2) 
Ext^{Ei,Ei) = C. 

Definition 3.1. For i > I, 

M{v)i := {E G M{v)\ dimHom(Ei,E) = -{vi,v) - 1 + i} 

is a locally closed subscheme of M(t>) with reduced structure. 
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Definition 3.2. For w := v — mvi with [w]q > 0, we set 

N{mvi,v,w) := {Ef"" C E\E G M{v)}. 

Let vr^, : N{mvi,v,w) M{v) is tlie projection and N{mvi,v,w)i = n:^^ {M (v) i) . 

We sliall construct N{mvi,v,w) as a sclieme over M(f). Let Q{v) be tlie open subsclieme of 
a canonical quot scheme Quot^^eN ^-^ such that Q{v)/PGL{N) = M{v) and be the 

universal quotient on Q{y) x X. Let W2 Wi — * -Ei ^ be a locally free resolution of Ei such 
that Ext;^^^,(Vr, M Oq(.),4) = for « > and j = 1,2. We set Wj := Romp^^jW, K Oq(.),4), 
j = 1,2. We shall consider the Grassmannian bundle ^ : G = Gr{}Vi,m) Q{v) parametrizing 
m-dimensional subspaces of (yVi)t,t G Q{v). Let U ^*Wi be the universal subbundle. For the 
composition \i/ : W — ^*>Vi — we set := {t G G|\l't = 0}. Then there is a universal family 
of homomorphisms on D x X: 



By Lemma p.l| , m-dimensional subspace ?7 of Hom(ii^i, E) defines an injective homomorphism Ei ® 
U ^ E. Since Wi, >V2,W and are GL(iV)-equivariant, We get N{mvi,v,w) M{v) as a scheme 
D/PGL{N) M{v). Since F := coker(ii^i ® U ^ E) is a stable sheaf, we also obtain a morphism 
TTu; : N{mvi,v,w) — > M(w). We shall consider the fiber of vr^. For F G M(w)j+m, we get that 
dimExt^(F,Ei) = i-l + m. Let U"^ be a m-dimensional subspace of Ext^(F, £'1). Then the element 
e eU ® Ext^(F, El) which corresponds to the inclusion C Ext^(F, Ei) defines an extension 



By the choice of the extension class and Corollary |2.2| , is a stable sheaf. Thus the fiber of F is the 
Grassmannian Gr{i — 1 + m, m). 

Lemma 3.1. For i > 1 + {v^vi) , 

codimM(t>)j = {i — 1)(« — 1 — 
In particular, if {v,Vi) < 0, then M{v)i is an open and dense suhscheme of M{v). 

Proof. Let E be an element of M{v)i. Then dimExt^(i?i, i?) = —x{Ei, E) + dim}iom(Ei, E) = i — 1. 
We shall consider the universal extension 

^ Ef'~^^ ^G^ E^O. 



By Corollary p.2| , G is a stable sheaf of rk(G) = {i — l)ri + r and deg(G') = {i — l)di + d. Hence we 
get that Ext^(£'i,G') = 0. Simple calculations show that 

dim Hom(Ei ,G) = i- l + dim Hom(Ei , E) 

= 2i-2-{vi,v), 

dim Ext ^ (El, G) = 0. 

Hence G belongs to M{v{G))i. We set k := 2i — 2 — {vi,v). Then the choice of i — 1-dimensional 
subspace of V := Hom(£^i,G) is parametrized by the Grassmannian Gr{k,i — 1). Since v{G) = 
V + {i — l)vi, we see that 

dim M{v{G)) = {v{Gy)+2 

= -2{i - 1)2 + 2{i - l){vuv) + {v^) + 2. 

Therefore we see that 

dim M{v)i = dim M{v{G)) + dim Gr{k, i - 1) 

= -{i - l){i - 1 - {vi,v)) + dimM(t;), 
which implies our claim. □ 



Remark 3.1. We can also see that M{v)i is an etale locally trivial Gr{k, i — l)-bundle over M{v{G))i. 
Moreover we can show that vr^ : N{mvi,v,w)i — >■ M{v)i is an etale locally trivial (jr(Z, m)-bundle 
and Tiw '■ N{mvi,v,w)i M{w)i+m is an etale locally trivial Gr{i — 1 + m, m)-bundle, where 
I := i — 1 — {vi,v) . 

3.3. A special case. We set k{s) := srf + rri — r^, s G Z. For a positive integer k{s), we shall 
consider a K3 surface X such that Pic(X) = ZH of {H'^) = 2k{s). We set 

= ri + diH + (djr + djsri - nd"^ + 2d)uj 
r + dH +{{2ddiri-rdl)s + d^{ri-r))uj. 



Then a simple calculation shows that 




(3.4) 



Lemma 3.2. We assume that ri > r/2. Under the following assumptions, k{s) > 0. 

(i) r = 2 and s > 3, 

(ii) f^i > (2/3)r anc? s > 1. 

Let us consider the reflection i?^^ of H* {X, Z) defined by vi : 



We set w := Rviiv) = v — Vi. By Lemma p.l| , N(vi, v, w) gives a birational correspondence between 
M{v) and M(w). 

Lemma 3.3. A^(fi,f,w) zs smooth and irreducible. 

Proof. In the same way as in [G-H], it is sufficient to prove that B.om{E,E2) = C. We assume that 



dimHom(i?, E2) > 1. Let (p : E ^ E2 he a non-zero homomorphism. By Lemma p.l| , is surjective 
in codimension 1 and we also see that kercp is stable. Since [f(ker0)]j = [vi]i, i = 0, 1, the stability 
of ker0 implies that [t>(ker0)]2 < [vi]2- Since [v{(f){E))]2 < [w]2 and [f(0(£J))]2 + [f(ker0)]2 = [f]2, 
we must have v{keT(f)) = vi and v{(f){E)) = w. Hence (p is surjective and keTcj) = Ei. Let 

0^ El® Ext\E, EiY ^G^ E^O 

be the universal extension. Then kei (p is determined by a m-dimensional subspace of Hom(ii^i,G') 
containing Ext^(i?, where m = dimExt^(i?, -Ei) + 1. We shall consider the composition 0' : 

G E ^ E2. Then it defines a universal extension (up to the action of Aut(Ext^(-E'2) -E'l)^)) 

^ Ei®Ext\E2,Eiy ^G^E2^0. 

Since G is stable, (p' is determined by a subspace Ext^(i?2, EiY of Hom(£'i, G) up to multiplication 
by constants. Hence dimHom(ii^, £^2) = 1- D 

Let us consider the relation between 6^ and 6^. By our assumption on v, there is a universal 
family S on M{v) x X ([Ml]). Then N{vi,v,w) is constructed as a projective bundle P(\^), where 
V := Extp^^^^^{£,OM{v) ^ (El ® Kx)), and there is a universal homomorphism \1/ : On{vi,v,w) ^ 
i?i — > '7i*£ OAr(„i,„,w)(l). We denote the cokernel by Q. Then Q is flat over A(t>i, t>, tu). Since 
codim(M(w)j) > 2 for i > 2, we see that detpN(vi,v,wy.iG ® q*{Ei)) = On(vi,v,w)- Therefore we see 
that 

\PNivi,v,w)*ich{£ (g) ON{vi,v,w)i^))i^ + = [PN{vi,v,w)*{cHG){1 + (^)x'^)]i 

Hence we get that 9v{x) = ^^/j^^(^)(_R^^(x)) for x G W"*". 
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Proposition 3.4. The following diagram is commutative. 



TTu, *7r„ 



W 



± 



H\M{w),Z), 



Let us consider the structure of N(vi,v,w)i more closely. For simplicity we assume that i — 2. 
We set u :— v + Vi. Let Q{u) be the open subscheme of a quot scheme Quot^^eivy^ such that 

Q{u)/PGL{N) ^ M{u) and let OqJ)xx ^ ^« be the universal quotient on Q(ti) x X. We set 
V := Homp^j^j^ Kl (9Q(tj)^, £^^1), where Q{u)i is the pull-back of M{u)i to Then K is a 

locally free sheaf of rank 3. We shall consider projective bundles ^1 : Pi := P(\^^) Q{u)ia.nd 
: P2 := ^V) ^ Q{u)i. Let 

^ Qi ^ CiV" Op.il) ^ 

be the universal bundles on Pi and P2 respectively. Let 2^ C Pi x P2 be the incidence correspondence. 
Let rji : Z Fi i = 1,2 he the projections. For simplicity, we denote r]lOpj^{m) (8) r]20p2{n) by 
OzifTiTn). There is a universal family of filtrations 

c Oz{-i, 0) c v;q2 c v;c2V. (3.5) 

Then there are homomorphisms 

a :Ei K Op, -> ^1 K CiV ® Cpi(l) ^ (6 X icix)*<^^« «) Opixx(l) 

By the construction of the homomorphisms, a and /3 are injective and Sy := coker a and := coker /3 
are fiat family of stable sheaves of Mukai vectors v and w respectively. Then we get the following 
exact and commutative diagram. 





> EimOz{-l,0) 



> EimOz{-i,o) 



Ei^r]^Q2 



(Cir/i X idxYS^ 



(772 X idx)*Sv 



Ei^Ozih-l) > 



iVi X idxYSy 



(772 X idxfSu 







(3.6) 





The homomorphism %l) defines a morphism Z — > N{vi,v,w)2- Obviously this morphism is PGL{N) 
invariant, and hence we get a morphism / : Z/PGL{N) N{vi,v,w). Conversely, let JF„ be a 
family of stable sheaves which belong to M{v)2 and let ip : Ei^ Os ^ JF^, be a family of homo- 
morphisms which belong to N{vi,v,w)2 and are parametrized by a scheme S over M{v)2- Then 
L :— Extp^(^^, El M Os) is a hue bundle. Hence we get an extension 

^ El S ^ J"^ ^ 0. 

We set J-'yj := coker ^/^ and Q := ker(jF„ — > JF^,). Then JF^ is a family of stable sheaves which belong 
to M{w). We get the following exact and commutative diagram. 
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> El K > g > El K Os > 

> El m E" > Tu ^ > (3.7) 





We set Q := Hompg(i?i K Os-,Q\ Then it is easy to see that .Ei Kl Q ^ is an isomorphism. 
£"1 IE — s> JF3 defines a morphism S N{vi,u, v)i. The filtration of vector bundles 

C C g C Hompg(Ei M Os, T^) 

defines a lifting S Z / PGL{N). In particular, we obtain a morphism g : N{vi,v,w)2 —>■ 
Z/PGL{N). Then g is the inverse of /. We also see that Fi/PGL{N) = N{vi,u,v)i M{v)2 and 

¥2/ PGL{N) = N{2vi,u,w)i —>■ M{w)s are isomorphisms. Therefore vr^vr"^ : M{v) > M{w) is 

an elementary transformation in codimension 2. By using [HI, Cor. 5.5] or [H2, Cor. 4.7], we obtain 
the following theorem. 

Theorem 3.5. M{v) is deformation equivalent to M{w). 

Remark 3.2. In the notation of Lemma |3.1| and Remark |3.1| , we shall consider etale locally trivial 
Gr{2i — l,i — l) x Gr{2i — 1, i)-bundle M{v)i Xm{v{g))i M{w)i+i M{v{G))i. Let Z be the incidence 
correspondence. Then we also see that Z is isomorphic to N{vi,v,w)i. 

3.4. Cohomologies of M{v). 

Lemma 3.6. Assume that p{X) > 2. Let v = l{r + C,) + au, ^ G H'^{X, Z) be a Mukai vector such 
that r + is primitive. Then there is a line bundle L such that (1) ^' := [Tl{v)]i/1 = ^ + rL is 
primitive, (2) ^' is ample, and (3) {^''^) > 4. 

Proof. Let E be a primitive ample divisor on X such that E and ^ are linearly independent. Let n be 
an integer such that r and n are relatively prime. Since E is primitive, and [TnL'{v)]i/l = C, + ruE, 
[TnL'{v)]i/l is primitive. Hence for a sufficiently large integer n, L := uE satisfies our claims. □ 

Proposition 3.7. Let Xi and X2 be K3 surfaces, and let vi := Z(r + ,^1) + aiuj G H*{Xi,Z) and 
t>2 := /(r + ^2) + 0.2^ £ H*{X2, Z) be Mukai vectors such that (1) r + ^1 and r + ^2 o-i"^ primitive, (2) 
{vD = (v^) = 2s, and (3) ai = a2 mod I. Then M{vi) and M{v2) are deformation equivalent. 

Proof. We may assume that ^1 and ^2 are ample. We assume that p{Xi) = 1 for some i. Let Tj be 
a connected smooth curve and {Xi, Ci) a pair of a smooth family of K3 surfaces pr^ : Xi ^ % and a 
relatively ample line bundle For points to;^i ^ Ti, we assume that ((A'j)^^,, (A)to) = (-^156) and 
{Xi)t^ is a K3 surface of > 2. We can construct an algebraic space ^A.Xi/Tiivi) Ti which is 

smooth and proper over Tj, and is a family of moduli of stable sheaves on geometric fibers of Mukai 
vector Vi with respect to general polarizations on fibers ([G-H],[0],[Y]). Replacing X^ by (A'j)t^, we 
may assume that p{Xi) > 2 for i = 1,2. By Lemma |3.6| , we may assume that (1) C,i is primitive, 
(2) ^i is ample, and (3) > 4. Let vr : Z ^ be an elliptic K3 surface of p{Z) = 2 and let / 
be a fiber of tt and G a section of vr. Then by using deformations of and M{vi), we see that 

M{vi) is deformation equivalent to M(f j'), where f • := l{r + (C + kif)) + aiU, i = 1,2. Since ai = 02 
mod /, we set n := (ai — 02)//. Then it is easy to see that T„/(v2) = v'l. □ 
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Remark 3.3. By the proof of [Mu2, Thm. A. 5], there is a quasi-universal family !F on Aixi/Ti{vi) 
Xi. Since C is relatively ample, we can consider a locally free resolution of JF. In particular, we 
can construct a family of homomorphisms (6'^,J^ : (fi)^ — H'^{A4(Xi)t/k{t){vi),'Z), where (wj)^ C 
H*{{Xi)t, Z). This fact will be used in the proof of Corollary ^ (cf. [Y, Prop. 3.3]). 

We get another proof of [H2, Cor. 4.8]. 

Theorem 3.8. Let v = r + C, + auj, € Z) be a Mukai vector such that r > and r + ^ 

is primitive. Then M{v) and Hilb^ deformation equivalent. If r = 0, ^ is ample, and 

(^2) > 4^ then the same results hold. 

Proof If {v^) = 0, then Mukai [Mul] showed that M{v) is a K3 surface. Hence we assume that 
(f ^) = 2s > 0. We first assume that r ^ 2. Let f be a Mukai vector in Theorem p.5| . We assume 
that d = r — 1. Since ri = r — 1, M(v) is deformation equivalent to Hilb^^. By Proposition ^77 , 
M{v) is deformation equivalent to Hilb^^ for every v. 



We shall treat the rank 2 case. Let s be a positive integer. By Theorem ^]5| and Lemma |3.2| , there 
is a Mukai vector v and w such that (f^) = {w"^) = 2s, [v]o = 2, [w]o = 7, and M{v) is deformation 



equivalent to M{w). By using Proposition K^, we see that M{v) is deformation equivalent to 
We also get another proof of [O]. 



Hilbv ^^"^^^ foe every v. □ 



Corollary 3.9. Under the same assumption of Theorem ^.Sj and (f^) > 2, M{v) is an irreducible 
symplectic manifold and 

is an isometry which preserves hodge structures. 



Proof. The rank one case easily follows from [B] (cf. [Mu3],[0]). By using ( |L1| ), Proposition 



Remark p.3|, and the proofs of Proposition |3.7| and Theorem |3.8|, we get our corollary. □ 



4. Non-primitive first Chern class cases 

In this section, we shall consider a more general case and get some partial results. Let r and d 
be relatively prime non-negative integers. Then there are integers ri and di such that dri — dir = 1 
Let / be a positive integer such that / and ri are relatively prime. We shall choose ri of < ri < Ir. 
Then there are unique pair of integers p,q of pvi — ql = —1 and < p < I. We set k{s) : = 
ri(gr + ris) -r^,s E Z. Let X be a K3 surface such that Pic(X) = ZH and (H^) = 2k{s). We set 



Ir + IdH + {/((I + dri)dis + d^qri - rd'^) - p}uo, 
= ri + diH + {ri{-d^ + dfs) + djrq + 2d}uj. 



(4.1) 



Then we see that 



(vf) = -2, 

{v^) = 2l{ls + rp), (4.2) 
{vi,v) = -1. 

We set w := V — Vi and we shall consider the relation between M{v) and M{w). 

Lemma 4.1. Let Ei be a stable vector bundle o/rk(£'i) = ri and deg{Ei) = di. 

(1) Let E be a ^-stable sheaf o/rk(i?) = Ir and deg{E) = Id. Then every non-zero homomorphism 
(f) : El ^ E is injective and coker (p is a stable sheaf. 

(2) Let E be a fi-stable sheaf ofik^E) = Ir and deg{E) = Id. For a non-trivial extension 

^ El ^ E' E ^ 0, 

E' is a stable sheaf. 



(3) Let E2 be a stable sheaf o/rk(£'2) = Ir — ri and deg{E2) = Id — di. Then every non-trivial 
extension 

^ El ^ E ^ E2 ^0, 

defines a ^-semi-stable sheaf. 

(4) Let E' be a stable sheaf 0/ rk(_E") = Ir + ri and deg{E') = Id + di. Then every non-zero 
homomorphism cf) : Ei ^ E' is injective and coker is ^-semi-stable. 

Proof. (1) Since di/ri = deg(Ei)/rk(Ei) < deg(0(Ei))/rk(0(Ei)) < deg(E)/rk(E) = d/r, we get 
that 1/rri = d/r — di/ri > d/r — deg(0(ii^i))/rk(0(£^i)) > 1/r rk(0(£'i)). Hence we obtain that 
rk(0(i?i)) = ri, which imphes that is injective. We assume that coker is not stable. Then there 
is a semi-stable quotient sheaf G of coker such that deg(G)/ rk(G) < deg(coker0)/ rk(coker0) = 
{Id — di) / {Ir — ri) . Since G is a quotient of E, we get that deg(G')/ rk(G) > d/r. Hence we obtain that 
l/(/r — ri)r = {Id — di) / {Ir — ri) — d/ r > deg{G)/ rk(G') — d/r > 1/r rk(G), which is a contradiction. 
Therefore G is a stable sheaf. 

(2) We assume that E' is not stable. Let G be a destabilizing semi-stable subsheaf of E'. We 
assume that : G — > is not surjective in codimension 1. Then the /x-stability of E implies that 
d/r > deg(0(G))/rk(0(G)) > deg(G)/rk(G) > deg{E') / Tk{E') = {Id + di) / {Ir + n) . Hence we see 
that l/r{lr + ri) > rf/r — deg(G)/ rk(G) > l/rrk(G), which is a contradiction. Thus is surjective in 
codimension 1. If deg(0(G))/ rk(0(G)) > deg(G)/ rk(G), then we also get a contradiction, and hence 
ker0 is /x-semi-stable of deg(ker0)/ rk(ker0) = deg(G)/ rk(G). Thus deg(ker0)/ rk(ker0) > di/ri, 
which contradicts the stability of Ei. Therefore G — *• is an isomorphism in codimension 1. In the 
same way as in the proof of Lemma we see that the extension is split, which is a contradiction. 

(3) We assume that E is not /x-semi-stable. Let G be a semi-stable subsheaf of E such that 
d/r < deg(G)/ rk(G). It is sufficient to show that : G — >■ i?2 is an isomorphism in codimension 1. 
We note that d/r < deg(G)/rk(G) < deg(0(G))/ rk(0(G)) < {Id - di)/{lr - ri). Then we get that 
l/r{lr-ri) = {Id- di) / {Ir -ri) - d/r > deg(0(G))/rk(0(G)) -rf/r > l/rk(0(G))r. Thus we obtain 
that rk(0(G)) = {Ir — ri) and deg(0(G))/ rk(0(G)) = {Id — di)/{lr — ri). Therefore is surjective 
in codimension 1. We set G' := ker0. We assume that G' 7^ 0. Since rk(G) = rk(G') + Ir — ri, 
deg(G) = deg(G') + Id - di and d/r - deg(G)/rk(G) < 0, we get that r deg(G') > rfrk(G'). Hence 
deg(G')/ rk(G') > deg{Ei)/ rk(£'i), which is a contradiction. Therefore G ^ E2 is an isomorphism 
in codimension 1. 

The proof of (4) is similar to that of (1). □ 

Let M{v)^ be the open subscheme of M{v) consisting of /i-stable sheaves. In the same way as in 
section 3, we shall define N{vi,v,w) and an open subscheme N{vi,v,w)^ := {Ei C E\E G M{v)^}. 

Lemma 4.2. N{vi,v,w)'^ is smooth and irreducible. 

Proof For Ei C E e N{vi, v, wY, we set E2:= E/E-^. It is sufficient to show that Hom(E, E2) = C. 
Let (f) : E ^ E2 he a non-zero homomorphism. Then we see that ker (p = Ei and is surjective. We 
assume that dimHom(i?, E2) > 1. We set P := F{B.om{E , E2Y). Since Ei is simple, we get an exact 
sequence 

^ ^1 K Op{n) ^ E ^ E2M Cp(l) 0, 

where n eIj. We note that 

deipn{Et ® EiM Op(n)) = Op(2n), 
deipn{E^ ®E2^ Cp(l)) = Op(-l). 
Hence we see that 0p = Of>{2n) ® (9p(— 1), which is a contradiction. □ 



By using Lemma |0| and similar correspondence A^(f 1, f + f ), we see that cod\m.M{vy{M{v)^) > 



2 for i > 2. Indeed, we get that dimM(w)f = dimN{vi,v+vi,v)i-i-{i-2) = dimM{v + vi)i-i + 2 < 



dim M{v) — 2. In particular N{vi^v, w) defines a birational correspondence. By virtue of Lemma ^]2 



we also see that codimM(vy{M{v)^) > 3 for i > 3. By using [H2, Cor. 4.7], we obtain the following. 



Proposition 4.3. We assume that M{vY 7^ 0- Then M{v) is deformation equivalent to M{w), in 
partinilar M{v) is an irreducible symplectic manifold. Moreover if codimM{v){M{v) \ M{v)'^) > 2, 
then the following diagram is commutative. 



w- 



H^{M{v),Z) > H'^{M{w),Z) 



We shall give an estimate of codimM{v){M{v) \ M{vY), which depends on I and (v^). 
Lemma 4.4. We assume that {v'^) / 21 > I. Then 

dim(M(^;)) - dim(M(^;) \ M{vY) > ^ - / + 1. 
In -particular codimM(,;)(M(f ) \ M{vY) > 2 for {v'^)/2l > I. 

Proof. Let £■ be a /x-semi-stable sheaf of v{E) — v and let C Fi C F2 C • • • C Ft = £■ be a 
Jprdan-Holder filtration of E with respect to //-stability. We set Fj := Then the moduli 

number of this filtration is bounded by 

^(dimExt^(Fj, Ei) - dimHom(Fj-, Ei)) + 1 

i<j 

<-J2 xiEj, Ei) + J2 dim Ext2(F,-, E^) + 1 

< - x(F, E) + Y, x{Ej, Ei) + dim Ext2(F,-, Ei) + t + l. 

i>j i<j 

We set v{E) := Ir + IdH + au and v{Ei) := /jr + lidH + UiU. Since {v{Ei),v{Ej)) = liljd^H'^ — 
r{liaj + IjQi), we see that 

J^x{E„E,) = -J^{v{E,),v{E,)) 

i>j i>j 



^ k{ljd'^H'^ -2raj) Ijjkd'^H'^ - 2rai) 

2^ I 9 ^ 9 



i>j 



^^ k{v{E,)^) ^ l,{v{E,)^) 



i>j 



^_j2{±-k){v{Ei)^) 



2k 

We set maxj{/j} = {I — k). Let Iq be an integer such that {v^E^^)"^) > 0. Since J^j/j = /, we obtain 
that t<k + l. Since Z - - A; > and {v{Ei)^) > -2, we get that 

i>j i ^ i ' 

If r > 1 or /j > 1 for some i, then for a general filtration, there are Ei and Fj such that Ext^(Fj, E,i) = 
0. Therefore we get that Yli<j dim Ext (Ej, Ei) < {k + l)k/2 — 1 for a general filtration. Then the 
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moduli number of these filtrations is bounded by 

+ / - 1 - A; A; + ^ _ ' - 1 + t + 1< v^) + 2 - k^ - Ik + ^— + 1 



{v') - k^ + {l-l~k)k+ ' ^ ' - 1 + t + 1 < {{v') + 2) - -lk + 

If = 1 for all z and r = 1, then dimExt^ {E j, Ei) < k{k + l)/2 = (/ - l)//2, and hence we 
obtain that the moduli number is bounded by 

Therefore we obtain that 

dim(M(t;)) - dim(M(w) \ M(f )'^) > ^ - / + 1 

unless r = 1 and 1 = 2. If r = 1 and 1 = 2, then the moduli number of filtrations 

OcTz CE 

of c2(/z) = C2{E) is {{v^) + 2) - {{v^)/2l - I). In this case, we can easily show that = Of, 
and hence the moduli number of these E is bounded by 3c2{E) — 3 < ((f^) + 2) — {{v'^)/2l — / + 1). 
Therefore we obtain our lemma. □ 

Theorem 4.5. Let v = Ir + + auo, ^ G H^{X, Z) be a primitive Mukai vector such that r > and 

r + ^ is primitive. //(f^)/2 > max{rZ(rZ — 1), /^}, then M{v) is deformation equivalent to HiVox ^^^^^ 
and 

e^:v^ — > H\M{v),Z) 
is an isometry which preserves hodge structures. 



Proof. By Proposition and Lemma ^4.4| , it is sufficient to find a Mukai vector v' = l{r + + a'u 
which satisfies (1) r + ^' is primitive, (2) (f'^) = (f ^), (3) a' = a mod /, and (4) M{v') satisfies our 
claims. By Proposition f4.3| , it is sufficient to find a Mukai vector v' of the form ( [4.1| ). Hence a = —p 
mod I. We have to choose integers ri,di and d. We note that pri = —1 mod I, and ri and r are 
relatively prime. We can easily choose such an integer ri of < ri < Ir. Then we can choose d and 
di of dri — diT = 1. Since (f ^) /2/ > r{rl — 1), we see that k{s) = (ri(f ^) /2/ + r)ri/l — > 0. Hence 
we get a Mukai vector f ' of the form ([4. 1|) □ 



Tohru Nakashima taught the author the following remark. 



Remark 4.1. If r = 1 and ^ = 0, then rl{rl — 1) < b . Hence the assertions of Theorem [4.5| hold for 



{v'^)/2l > I. It is known that M{vY 7^ if and only if {v^)/2l > I, and {v'^)/2l ^ I ii v is primitive. 
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